


ABSTRACT
Folland, Kohn, and Nirenberg’s solution of the 9-Neumann problem, as presented in The Neumann Problem for
the Cauchy-Riemann Complex, is valid for compact, strongly pseudoconvex complex manifolds. Here I announce
a few results in a program to generalize as many of the results as possible from this work to the setting in which
the strongly pseudoconvex complex manifold is a principal G-bundle with G unimodular Lie and the complex

structure is invariant under the group’s action.

Our techniques include hard analysis (to modify Folland and Kohn’s a priori estimates), distributions, functional
analysis (the spectral theorem), von Neumann algebras, and some techniques from harmonic analysis have

turned out to be crucial.

This talk contains work by M. Englis, M. Gromov, G. Henkin, M. Shubin, and the speaker.



1. HisTORY: HARTOGS AND LEVI’S PROBLEM

Geometrically describe the smooth regions M C C" that are domains of holomorphy. I.e. regions with the
property that for any point of the boundary, there is a holomorphic function which cannot be extended beyond
the boundary at that point.

Condition:

If a region M is defined by a smooth real-valued function p by M = {z € C" | p(z) < 0}, we say it is strongly
pseudoconver if at each point & of the boundary, the form

9?p
02,07 ¢

1s positive definite.
Alternatively we say that each point of the boundary of a strongly pseudoconvex region is a peak point for
the holomorphic functions on M. Levi constructed holomorphic functions blowing up at any point of the such

boundaries.



2. HISTORY: LEVI’S FUNCTION
Suppose bM = {p =0}, M = {p < 0}, £ € bM and

_ Py
N 82;4921 ¢

L

is positive definite.

Taylor expansion of p near £ is

p(z) = p(€) +2 Rep(€,2) + Le(z — £,2 — &) + O(|z — £),

with
o~ Op I — 0%
e 2) = 920 (zk—fk)+§l;a—

k=1 13

which is holomorphic, as are all powers of ¢. By the positivity of L¢, f has an isolated zero at  and all negative

powers have an isolated singularity at £&. Put f = 1/p.



3. HISTORY: OKA-GRAUERT

A natural question was then whether a pseudoconvexity-type criterion was necessary for a region in C" with
boundary to have a similar nonextensibility property. That question was answered by Oka and Grauert over
a period 1943-1958. Their methods were sheaf-theoretic and depended on the compactness of M. We will say

nothing more about this.



4. HISTORY: SPENCER AND KOHN

Spencer’s PDE and functional-analytic approach to the peak point problem led to Kohn’s solution of the
0-Neumann problem in 1963-1964.
Still depends on the compactness of M, but we generalize when there are uniform structures on M given by a

group action:

G— M — X,

with X compact. This is the setting in which we work.
Goal: Construct a global holomorphic function f # 0. That is an f = f(21,...,2,) satisfying the Cauchy-

Riemann equations in each variable:

9
a_z];:O (k=1,...,n).




5. HISTORY: THE O-NEUMANN PROBLEM

Suppose M is a compact strongly pseudoconvex complex manifold and we want a holomorphic function blowing

up at zp € bM.

1) With local coordinates (z) solve

> 2z = Gu=¢

in C™ for 0¢ = 0. This last compatibility condition is necessary since 9 = 0.

2) Take a smooth function x with support in U,, that is identically equal 1 close to zo and form yf (f = 1/¢

is Levi’s function) and extend by zero.

3) Since Oxf = 0 near 2, Oxf € C®(M). If Ju = Oxf has smooth solution, then yf — u is holomorphic and

must blow up at zy since u is smooth up to the boundary. Consequently, yf — u # 0.

This answers a major question: Whether there are nontrivial holomorphic functions on M.



6. HisTory: KOHN’S LAPLACIAN

Construction of solutions u € L*(M) Nker(d)* to

with ¢ € L2(M,A%"), ¢ = 0.
Functional analysis prefers self-adjoint operators, so for the Hilbert space adjoint 0* and seek u of the form

u = 0*v satisfying
(1) Dd*v = ¢.

Do away with the compatibility condition on ¢ (and obtain an operator related to the Dolbeault cohomology

of M) by adding a term 9*0v and define

Oy & (00" + 0*0)v = ¢.

When 0¢ = 0 is true, this reduces to equation . Suffices to show (and this generalizes to G-manifold case)

that the operator [l is Fredholm.



7. HISTORY: THE O-NEUMANN PROBLEM’S REGULARITY AND SOLUTION

On its domain in the antiholomorphic ¢-forms, when ¢ > 0, the operator [J + 1 has the following regularity
property. Let ¢,(; be smooth cutoff functions for which ¢ = 1 on supp(C) and let H*(M,A%?) be the integer

Sobolev space of sections in A% over M. Then

Ov +v € He (M, A%) implies v € HZTH (M, A%9)

loc loc

and there exist constants C so that

ICvll 1) < Cs (1G(E+ 1)

meny + 1O+ D)ol r2an)

uniformly in v.

(Estimate extended to noncompact case in Engli§, M.: Pseudolocal Estimates for @ on General Pseudoconvex
Domains, Indiana Univ. Math. J., 50, (2001) no 4. 1593-1607)

These inequalities imply that (O + 1)~! : L2(M,A%) — H'(M,A%?) is bounded. Rellich implies ((J + 1)~!
is compact in L*(M, A°?) implying dimker (] < oo and dim coker(] < oo ((J is a Fredholm operator when M
compact).

Also, since Ker(O, ,) = H?4(M), we have dim H??(M) < oo (when M compact).



8. HISTORY: APPLICATION TO THE LEVI PROBLEM

Since x f is unbounded, f™ (m = 1,2,...) are linearly independent holomorphic functions in a neighborhood of
2. Since the x f™ have compact support, d is injective on the vector space generated by {xf™ | m =1...N}

(maximum modulus). It follows that for N sufficiently large,
Qn = Im(0) Nspanc{dxf™ | m=1...N} # {0}.

Thus 00*u = ¢ can be solved for ¢ € Qu. Since all the forms Oy f™ are smooth, this ¢ will be smooth and so

we proceed as indicated above.



9. HISTORY: THE O-NEUMANN PROBLEM ON COVERING SPACES

Here I will recap the results in Gromov, M., Henkin, G. & Shubin, M.: Holomorphic L? Functions on Coverings
of Pseudoconvex Manifolds, Geom. Funct. Analy., v. 8, no. 3, (1998), 552-585 ([GHS]). They obtain a similar
result, that all boundary points are local peak points, when M is strongly pseudoconvex and admits a free

cocompact action of a discrete group I' by holomorphic transformations,

r — M — X,

X compact. When M is not compact, Rellich’s theorem no longer holds, so the dimension of the kernel and/or

cokernel of [1 may be infinite-dimensional and the image of [J may be not closed.



10. VoN NEUMANN DIMENSION

The von Neumann dimension of invariant subspaces of L?(T") is used in order to measure the kernel and cokernel
of [J in this setting as well as to measure the images of [J’s spectral projections. For a discrete group I', form
the Hilbert space L*(T") with inner product (§,m) 2y = 3,cp £(7)7(7). Then I acts unitarily in L*(T) by right
translations R, vy € I'

(Ry&)() = &(ay).

If an invariant subspace L is closed, then L is the image of a bounded left-convolution operator on the group:

L=Tm(Ly) where (Ln&)(a) =Y h(7)é(va).

vyel

Defining B(L*(T")) to be the continuous linear operators in L?(T") and

Lr={Ly|h:T — Cand L, € B(LX(T))}

Von Neumann’s bicommutant theorem then gives that Lr is a von Neumann algebra.



11. VON NEUMANN DIMENSION, 2

On Lr there is a trace defined by

trr(Ly) = h(e).

and for a right-invariant subspace L = Im(L;) with Lj a self-adjoint projection, we define its I'-dimension
dlmF(L> = tI‘F(Lh) = h(e)

Notice that since the identity in B(L?(T")) is convolution with §, the characteristic function of the identity,

dimp(L2(T)) = trr(Ls) = 8(e) = 1

though of course dimc(L?(T')) = oo for infinite groups.



12. VON NEUMANN DIMENSION, 3

Next, when I' acts freely on a manifold M with compact quotient, X, one decomposes the Hilbert space

L*(M) = L*(I') ® L*(X) and defines a trace
Trr = trr ® Trg2(x))
on the invariant operators. This is given by choosing an orthonormal basis (1), of L?(X) and decomposing
L*(M) = L*(T) @ L*(X) = @ L*T) ® .
k

Denoting by Py the projection onto the £ summand, a I'-invariant operator A : L*(M) — L*(M) has a matrix

representation A — [PyAP)|x where each Ay dof P AP, : L*(T) — L*(T') is bounded and invariant. The

invariant trace in the invariant operators on L?(M) is then given by

TI'F(A) = Zk tI‘F(Akk;)




13. THE I'-FREDHOLM PROPERTY FOR COVERING SPACES

It is with the corresponding dimension that closed, invariant subspaces of L?(M) are measured. In [GHS], it is

shown (reducing to Rellich on X') that a variant of Kohn’s inequality

ullzran < CU|Oul|L2any + llullz2an),

implies that spectral projections P = foe dFE) are finite: Trg(P) < oo thus, O is I'-Fredholm.
Hodge theory gives that dimpker J = dimp L2HP9(M) < oo i.e. the reduced Dolbeault cohomology groups

L?HP4(M) are finite I'-dimensional.



14. HisTORY: LEVI ON COVERING SPACES

Form the closed, invariant subspace
Ly = L*(T) @ spang {Oxf,xf*,...,oxfN} = L*(T) @ C¥
Because 0 is injective on functions with compact support (maximum modulus), it is on
spanc{xf™ |m=1,2,...,N}

dimp(Ly) = N and so since O is I-Fredholm, Im(0J) N Ly = @ # {0} for N sufficiently large.
Subsequently there exist closed, invariant nonempty subspaces @ C Im(0J) N L. Picking a form ¢ # 0 in this

@, one sees that it is smooth so [u = ¢ is solvable and the rest of the argument is as previously described.



15. UNIMODULAR LIE GROUPS’ VON NEUMANN ALGEBRAS

If G'is unimodular Lie, then the trace on a right-invariant operator of the form Lj L;, € L is uniquely determined

by

tI‘G L Lh fG |h |2dt.

Example: If Ly, is a self-adjoint projection and h € L*(G),

trg(Ly) = tra(LyLy) = [, |h(t)2dt = [, h(t)h(t) = [, h(t™)h(t)dt = h(e),

since [, h(t™")h(ts)dt = h(s). (N.B. h(e) makes sense by Young’s inequality!)



16. A DEEPER EXAMPLE ON G = R.

Example: If G = R, we have ordinary convolution and the Fourier transform tells the whole story. An

idempotent

h+h=~h satisfies h?=h

and so h(s) has values in {0,1}. The traces of these projections are then given by Plancherel:

s)|2ds = meas(supp(h)).

trg<h*- ) —tl"G L*Lh fG‘h 2dt—

Let hxy = X(—n,n)- Then the hy are a family of self-adjoint projections with analytic range and
(2) dimIm(hy * ) /" oc.

The ranges satisfy

[l iy < Nullga@) (v *u=u).

We will use functions analogous to these to mollify.



17. THE PALEY-WIENER THEOREM AND ITS IMPLICATIONS, 1

The Paley-Wiener theorem also comes into play in that no function v # 0 with compact support can be in a
closed, invariant subspace L C L?*(R) of finite G-dimension. This is because @ is then analytic and so must

have isolated zeros. But if L = Im(h - ), hi = 4, so h = 1, a.e. Thus

dimgL:/ldt:oo.
R

Note that dimg L?(G) = oo for a continuous group.



18. THE PALEY-WIENER THEOREM AND ITS IMPLICATIONS, 2

The previous result generalizes: (Arnal, D.; Ludwig, J.: Q.U.P. and Paley-Wiener Properties of Unimodular,
Especially Nilpotent, Lie Groups, Proceedings of the AMS, 125, no 4, April 1997, 1071-1080)

Let G be unimodular Lie and v € L*(G). Further, let Ly be an invariant self-adjoint projection in L*(G) for
which Lyu = u. Then h ¢ L*(G).

Idea of proof: Let x be a cutoff function equal one in a neighborhood of support of u. Then with u, the
right-translate of u by t € G,

Lyuy = up = xLpuy,

for t € (G sufficiently near the identity. The operator

(xLau)(t) = x(1) / ds h(ts™ Yu(s)

G

has its kernel K(¢,s) = x(¢t)h(ts™!) € L*(G x GQ) if h € L*(G), so is Hilbert-Schmidt and thus it is a compact
operator. But this is impossible since we can find infinitely many ¢ € GG for which the translates u; are linearly

independent. Since xLj, has eigenvalue one on all the u; we conclude h ¢ L*(G). In particular,

trgL = oo if L is closed, invariant, and contains a u € L2(G).




19. THE G-FREDHOLM PROPERTY OF U

In [GHS] it was shown that O is I-Fredholm. The first result of the present work is an adaptation of this
theorem to the situation in which the discrete group I is replaced by a unimodular Lie group G. Similarly, the

G-Fredholm property of [ implies that the reduced Dolbeault cohomology of M is finite G-dimensional.

Theorem 19.1. Let G be a unimodular Lie group and G — M — X be a principal G-bundle. Assume
further that the total space M is a strongly pseudoconvexr complex manifold on which G acts by holomorphic

transformations and that X is compact. Then, for ¢ > 0, the operator O in AP9(M) is G-Fredholm.



20. THE G-FREDHOLM PROPERTY OF THE O-NEUMANN PROBLEM

Recall the regularity theorem of Folland, Kohn, Nirenberg, Englis:

If Ov+v e H (M,A%), then v € HEH (M, A%9)

loc loc

and there exist constants C, so that

1Colls+1any < Cs (161 + D)ol s any + [[(E + 1)vllz2(ar )

uniformly in v.

Thus spectral subspaces of the Laplacian are smooth:

Corollary 20.1. Let ¢ > 0 and 1 = fooo ME) be the spectral decomposition of the Laplacian in L*(M,AP?). If
0>0and P= foé dE, then im(P) C C>(M, A7),

Proof. Let u € im(P). Applying the theorem with s = 0, we have im(P) C H] _(M,A”?). Now assume
u € im(P) € HE Y(M,A»?). Then (O+ 1)u = (O + 1)Pu = P(O+ u € H (M, AP). We conclude that

loc loc

ue Hs (M, AP9). O

loc

(M, A»?) and so im(P) C H}

loc



21. THE G-FREDHOLM PROPERTY OF THE O-NEUMANN PROBLEM, 2

We have not only C* but H* smoothness:

Theorem 21.1. Let u € C°(M, A*) be in the domain of the Laplacian. Then there exist constants Cs > 0 so

that

lullg=+1any < Cs (10wl g=any + lullz2an)

uniformly in .
Proof. This requires substantial modifications of Folland and Kohn’s a prior: estimates. O

Corollary 21.2. Let P = fOE dFE)\ be a spectral projection of [1 = fooo MEy. Then L*(M) — H™ (M) for any
N e Z.

Since P = P* = P?, spectral projections of the Laplacian P : H~~ (M) — HY (M) for any integer N. Therefore
(Pu)x) = [ Krnxy)uly)dy
M

has smooth Schwartz kernel Kp € C°°(M x M). “Proof”: For N sufficiently large, we see that P§ = Kp € HY.



22. THE G-FREDHOLM PROPERTY OF THE O-NEUMANN PROBLEM, 3
Theorem 22.1. Let P € B(L*(M))¢. Then Trg(P*P) = [mwu |Kp|*.
G

Proof. Since P is invariant, and its kernel Kp € C®(M x M), Kp(xt,yt) = Kp(x,y). Let (¢1)r be an
orthonormal basis for L*(X). In the decomposition L*(M) = @, L*(G) ® 1x, P has a matrix representation
P« [Lhkl]kl- ThUS,

Tr(;(P*P) = Zkl ||hkl||%2(G)'

Trg(P*P) = Ztrc((P*P)”) = ZtI‘G (Z P}:lpkl> = ZtI‘G(LZMLhM) = Z Hhle%?(G)'
l l k kl kl



23. THE G-FREDHOLM PROPERTY OF THE O-NEUMANN PROBLEM, 4

Choose a section r : X — M and represent points x € M, x — (t,z) € G x X. Whenever P € B(L*(M))% and

Kp e L: (M x M), we can write

loc

KP(X7 Y) - Kp(t,l', S7y) déf /{(tS_l;ZL‘,y), S,t € G7 x,y e X

with k € L (G x X x X).

loc

Now, except on a set of measure zero, we have a description of P

(Pu)(x) = /M Kp(x, y)uly)dy = (Pu)(t, ) = /G dsdy r{sia,pulsty)



24. THE G-FREDHOLM PROPERTY OF THE O-NEUMANN PROBLEM, 5

The distributional kernels h;; can be recovered from x by projecting into the summands in

LX(M) = PL(G) @ ),

l

hiy — / dady (- 52, y); () ).
XxX

Compute the norm of x in L*(G x X x X). Since (1;); is an orthonormal basis for L*(X), (¢, ® v;);; an
orthonormal basis for L*(X x X). By construction, h;; is equal the ij"" Fourier coefficient of x with respect to

the decomposition L*(G' x X x X) = @, (L*(G) @ ¢ ® ;). Hence
Z ||hz‘j||%2(c) = ||’f||%2(GxXxX)-
]

Thus

Trg(P*P) = [|6ll32@xxxx) = Javou [Kp(x, ¥)I* <.




25. FINITENESS OF THE (G-TRACE ON [I’S SPECTRAL PROJECTIONS, 1
Lemma 25.1. If P € B(L*(M))Y is a self-adjoint, invariant projection so that im(P) C C*(M), then Kp €

L2(AxMy

Proof. Fix x € M. It P : L*(M) — C*(M), the closed graph theorem applied to P implies
L*(M) > u+— (Pu)(x) € C

is a bounded linear functional. The Riesz representation theorem then gives that there exists a function
hy € L*(M) so that
(Pu)() = (o) = [ Ke(eyuly)dy we L2(a0)
M

So,

o(x) & [y | Kp(x,y)?dy < oo for any x € M.




26. FINITENESS OF THE (G-TRACE ON [’S SPECTRAL PROJECTIONS, 2

The function ¢ is constant on orbits since the measure on M is invariant;

o(xt) = /M Kp(xt,y)[*dy = /M Kp(x, yt ™) 2dy = /M Kp(x,y)Pdy = 6(x).

Thus ¢ descends to a function on M/G = X. Since the map from M to C_*°(M) defined by y — Jy is
continuous, the composition

y— P(Sy = KP(':Y)

is a continuous function M — L*(M). We may conclude that ¢ : X — R, is continuous. Denote by fl—f the

quotient measure on X. The compactness of X together with continuity of ¢ imply that [ X ¢(X)Z—’t‘ < 00. Thus

we have that Kp € L*(2XM). O

Conclude that

Trg(P) = fMéM |Kp(x,y)PEE < oo for any P = [ dE).

This implies that [J is G-Fredholm.



27. CLOSED, INVARIANT SUBSPACES OF L?(M)

If f e L*(M), define (f)° to be the vector space generated by finitely many right translates of f:

= {Z a.f(-t) | a: G — C has finite support} :

teG
Define also
(=,
the closure of (f)° in L?(M).
Example: With G =R and M = G x X a trivial bundle, we can write f = f(¢,z) and construct the minimal

invariant projection onto (f):

(f) =Im(P), (Pu)(t,z)= Kp(t,x;s,y)u(s,y)dsdy = / K(t — s;z,y)u(s, y)dsdy,

Rx X Rx X

define the partial Fourier transform u — @ by (7, z) W Jee "Tu(t, x)dt, then Pf = fiff

F(rya) = /X (rs 2, 9) F(r,y)dy



28. CLOSED, INVARIANT SUBSPACES OF L*(M), 2

Note that if Pf = f, then for any function ¢,

o(r) (7. 2) = / R(rs 2, 9)o(r) F(r,y)dy.

X

This is equivalent to translation-invariance. Assuming without loss of generality that for each 7, ||f(r,-)|| €

{0,1}, & has a minimal (rank-one) form:

R(rsa,y) = f(r2)® f(r,y).

In Fourier space, P? = P is [ k(1;x,y)R(T;y, 2)dy = &(1;2,2) and P = P* is &(7;2,y) = £(7;y, x), S0

dimg (f) =/ IFu(T;x,y)IQdexdy=/ /%(T;W)/%(T;x,y)dexdyZ/ k(15 y,y)drdy
GxXxX $

GxXxX GxX

:/ \f (7, y)Pdrdy = / 1 dr = +oo0.
GxXxX el



29. A PALEY-WIENER TYPE THEOREM

We now use the G-dimension to measure closed, invariant subspaces of L?(M, E) like (Ox f) and d{x f).

The methods here are simple adaptations of those in Arnal & Ludwig’s.

Theorem 29.1. Let G — M — X be as above and let f € L*(M) have compact support. Assume further that
there exists an invariant operator P € B(L?*(M))% satisfying Pf = f and with kernel k € L*(G x X x X).
Then f =0, p— a.e.

Proof. Similar to before. O

Thus, since

Oxf € CX(M), dimg(dx f) = oo.

And choosing the power t € R appropriately so that x f* € L2(M),
: t
dimg (x f") = 0.




30. CrasH!

Since [ is G-Fredholm, Im(CJ) N {dx f) has closed, invariant subspaces of arbitrarily large G-dimension. It turns

out that d(xf) N (Oxf) also has closed, invariant subspaces of arbitrarily large G-dimension, so in fact,

Im(0) N (Oxf) N O{xf) has closed, invariant subspaces L of arbitrarily large G-dimension.

Now for 0 # g € L we solve

Lu = g.

Integrating by parts or noting that Im(9) L Im(8") and ¢ € Im(8) we have

EIu:%*u:g:gqb

for some ¢ € (xf).




31. NONCOMMUTATIVE MOLLIFYING

Now, for smoothing projections P = Ry € L of sufficiently large G-trace, Rrg # 0. So

Form

d = Ry(¢— 0 u).

If we can show that

Rig € Ri(Oxf) C C=(M,A*)

and that

Ry ¢ C(M)

by showing that C>(M) N (xf) = {0}, the regularity of O will give that & u and thus R0 u are smooth and
so @ #£ 0.

This turns out to be true, but that is another story.
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